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Abstract—In the first part macroscopic equations are obtained for the radiation field and internal state of a
vibrationally nonequilibrium diatomic gas with the help of a set of kinetic equations for spectral radiation
intensity and the one-particle distribution function of molecules. Besides, the basic integral-differential
equation is derived for the vibrational energy distribution, which, together with momentum, mass and energy
conservation equations, form a closed system.

NOMENCLATURE

frequency of diatomic molecule,

n, unit vector, coinciding in direction with respectively;
photon momentum; B,, rotational constant of a molecule;

J(k), spectral intensity of radiation; Fos equilibrium internuclear distance;

w(k), = ck, photon energy; w,, = v,/c, centre of vibrational-rotational

E.(p), molecule energy in the |a, p), state; band;

A ;:, B ;:, Einstein coefficients of spontaneous and Av, width of vibrational-rotational band ;
induced radiation per unit solid angle; €2, equilibrium vibrational energy per mass

m, molecule mass; unit;

f.(p, 1), one-particle function of molecules 7, vibrational relaxation time;
distribution ; 0 = mN, mass density of molecules;

Vs = (E,— E,)/h, frequency of transition; S. spectral density of radiative flux;

n,j, m vibrational, rotational and magnetic J.(r,,m), spectral intensity of an external source
quantum number, respectively; radiation at the point of volume

kg, Boltzmann constant;; boundary in the n direction ;

N(r), density of molecules at the r point;; dQ, solid angle differential;

v(r), average local velocity of gas; ke, absorbtion coefficient of the condensed

T, transitional-rotational temperature ; phase particles;

T, vibrational temperature ; B, Plank function;

A dipole molecule moment operator ; 4, flat layer thickness;

v, Vg, quantum frequency and natural &, = x/d, dimensionless coordinate.

population of the vibrational levels at reduced pressure of P ~

1. INTRODUCTION

TRANSFER of radiation in nonequilibrium gases and plasma is one of the topical subjects of modern research. This
problem is connected with such engineering applications, as spectroscopy of low-temperature plasma, thermal
radiation of gases at low density, molecular gas lasers. That the major portion of electromagnetic radiation in
diatomic gases at temperatures of the order of several thousand degrees is transferred in the frequency ranges,
corresponding to vibrational-rotational transitions, leads to an essential effect of radiation processes on
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Satm [1,2].

A complete set of the kinetic equations for the dynamics of an arbitrary molecular or atomic neutral rarified

gas, with allowance for radiation processes is of the form
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in which St,{ f,(p, r, t)} is a radiation integral of collisions
St.{f,(p,r,0)} = J dw(k)f dQy, (p, k),
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where the following notation is introduced
p;=p-+p. EY = FE (p)+ E“(P')-
Py=p+p B = EN) BT

.
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Derivation of equations (1)-(3} from the standpoint of sirict quantum statistics as well as with regard for
radiation polarization, is available in the papers published by one of the authors of [ 3-5]. Since direct use of the
kinetic equations involves substantial mathematical difficulties, it is expedient to introduce a number of
simplifications, based on simple physical arguments. First, we shall use superpositional harmonic
oscillator—rigid rotator approximation [6] with the aim of describing quantum properties of molecules. Besides,
we shall assume that the local thermodynamic equilibrium conditions are fulfilled in vibrational and transitional-
rotational degrees of freedom separately [7]. In the first part of the work, derivation of equations for a
nonequilibrium radiating heteronuclear diatomic gas (e.g. CO. HCL, NO and so on) is given on the basis of the
original set of equations (1)-(3) with appropriate assumptions. In the second part an outline is given of the
approximated methods developed for a nonequilibrium state, and of the diffusion approximation in particular,

2. THE EQUATION OF RADIATIVE TRANSFER IN VIBRATIONAL NONEQUILIBRIUM DIATOMIC GAS

Using the above assumption that the local thermodynamic equilibrium takes place inside separate degrees of
freedom, we arrive at the factorized function of distribution

Lpr) = NONPIN (0N, m), ()
in which
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This leads automatically to correct normalization for one-particle distribution function
> Lprondp = N1, {8)
where o = (n,j,m), m=0 +1+2+ ... +j
Integrating equation (1) with respect to a momentum and taking account of (4, 5} gives
e s :
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Summation over the magnetic quantum numbers of (9) yields the equation
t 0 \ 3 nj i FiiyAnd
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in which

. N.(j,m) = E 12
,E.,- (.m) = 0 qo)exp{—k—;} (12)

q(j) = (2j+1) is the level degeneration multiplicity with the fixed rotational quantum number. In dipole
approximation

By = 55470 () T Krluln (13)

Calculation of the square of a matrix element of diatomic molecule dipole moment yields the following expression
in superpositional approximation [ 6]

) 12 B,r? ) L du?
¥ Kjmlulnm'y[? =" o:.+1bo;v1+o+1)o;+1](-é7) . (14)
mm’ e r=re
With the use of (14) and the new notation
) o 2n B,r? (ou\?
B =iy B=p = 5) R (15)

summation can be made in (11) over the vibrational quantum numbers
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Further transformations are connected with the use of the evident correlation
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high accuracy of which is ensured by a delta-shaped character of the line-shape function (10). Having made
summation in (16) over the rotational quantum number j’ and taken into account {17), we obtain the radiative
transfer equation

16
<AE+ nV)J(k) =K, (N, T, T)(B, (T, T)—=J(k)), (18)
C
in which
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J
In the majority of cases the following inequality holds
vo/T. > AV/T, (21)

which yields an extremely simple form of the transfer equation

12 0
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Here S}, 1s the line strength, v, the centre, 7, the hall-width and ¢, () the line-shape function of an appropriate

° T 1 jx

spectralline, with o = 0 corresponding to the P-branch, and & = 1, to the R-branch. In this case, as may be readtls
verified, the following normalization conditions are satisfied

. | .,
Yo s, =L ¢, (v)dy = 1. 1283
jet :
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Note that in formula (25) a well-known value of the rotational partition function was used. which holds at
kg T > heB,

>

(29)

QTY > (2j+1 )eXp‘ =i+
1

O

heB.p  kgT

g = -
kg T heB,
For calculation of the Einstein coefficient of induced radiation, it is necessary to know the constant (Ci (', _,
which for the molecules HCl, HBr, NO, CO is in linear relationship with E/r? [8]. Here £ is the energy of
dissociation. For the molecules of CO, this, for example, leads to the value B = 7.03- 10° sm-=‘erg - s, which agrees
well with the measured integral absorption coefficient in the main CO band [6].

Note that equation (23) was phenomenologically developed in [9], and that equation (18} is distinguished by

somewhat different definition of the absorption coefficient than that given in [10].

3. DERIVATION OF THE MASTER INTEGRAL EQUATION FOR THE
DENSITY OF VIBRATIONAL ENERGY OF A DIATOMIC GAS
Kinetic equation (2) for the nonequilibrium state of a diatomic gas can be considerably simplified by using the
above assumptions. Let equation (2) be integrated with respect to the momentum and then summation made
over the rotational, j, and magnetic, m, numbers taking into account (4)-(7). Rather cumbersome transfor-
mations yield the equation for the occupation numbers N(n) = N(r)N (1) of the vibrational levels

S
N +VEEONm) = Y INKIR,=NmR,)+ Y ¥ . dpSt, | fuidp-ro1). 130
cr k JE0 e —jd

k# n

Here the elements of the matrix of transition probabilities R, at n > k are determined by

o
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where ¢, (1) 1s the cross-section of exitation of transition, induced by nonelastic collisions with a relative velocity
u. In approximation of a harmonic oscillator, the probability of transition inside the vibrational degrees of
freedom, at non-elastic collisions, is proportional to the upper level quantum number [7]. whence

R, =nd), Rig+mn+ 10} Ry, 132}

Multiplying equation (30) by nhv,, and summating over it from 0 ad infinitum, allowing for (32). one obtains

2 E'—E, Ll ! i 5 .
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The transform of the collision radiative integral of equation (33) is accomplished as follows. Using the definition
7,(p. k) (3) and neglecting the momentum transfer between a photon and a molecule during absorption and
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radiation, one can easily see that
ZJ dpE, (p)r,(p. k) = — 2 | dpS[E,(p)— E,(p) — w(k)]

[E,(p) - E,@{4 £+ BLL()— LI (K)}.  (36)

Using the equation of radiative transfer (1), where the term (1/¢)(¢/0t)J (k) can obviously be neglected, equation
(36) may be written as

hZJ dpE, (p)y,(p, k) = —nVJ(k), (37)
whence, according to (3)
ZJ dpE, (p)St, { f(p. 1, 1)} = ~VJ S, dv. (38)
& (1]
It is obvious now that by transformations similar to (36)-(38), provided that
Vo> Av (39)
equation (33) can be presented as
d - 1
—+vV)a S0 lylsan (40)
ot ©° p

with mean vibrational energy per unit mass ¢ = E,/p being introduced for convenience. In derivation of (40), the
equation of continuity (6/0t)p+ V(vp) = 0 has been used. Phenomenologically equation (40) was derived in [ 10].
From the given approach it follows that for derivation of (40) it is indispensible that condition (39) should be
satisfied, which is really the case. To exclude from (40) the unknown value—radiative flux density—we shall
integrate the transfer equation (22) with respect to the solid angle

VS, = dngv’k e —k, j J(k)dQ, 41)
(an)
in which
Jk) = J k,J° exp[ —1,(r,r')]ds' +J, exp[ —7,(r,1,)], 42)
2m e
q =T9 1'-\'(ra r’) = k\(s)ds (43)
() 0
where J, (r,, n) is the intensity of external radiation. Simultaneously, by definition of (34)
> E, E, hvo [ hvg -t
s=m“[2—exp<— )—E0]=——0 exp( 0)—1] , (44)
n=0 Xrv ks T, m kg T,
whence in the approximation (21) one obtains the linear relationship
Jor, t) = gvie(r, t). (45)

Substitution of (41) into the right-hand side of equation (40) and exclusion of J (k) and J? respectively with the
help of (42) and (45), yields the integrodifferential equation for the density distribution of vibrational energy
[5, 11, 12]

0 1 &r, t)
(—+ vV +~)s(r, t) =J G(r,r)e(r', r)dr’ + 4 v, o), as)
ot T , -
where
6er) =L [ ik o ) SRR (47)
,O(r) Av |r_l./|
1
Y, t)=—- dvf dQk, (r)J, (r,, )exp[—, (r, r,)], )
p) Ja Jiam
e =T 49
o Fen T w T ) @)

Equation (46) together with the equations of conservation of mass, momentum and energy, form a closed set of
equations for the dynamics of a nonequilibrium relaxing radiating diatomic gas. Now, to determine the radiation
field, it is sufficient to use equations (42, 45).

HMT Vol. 21, No. 2—F
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Now we shall calculate the radiation time t*. Substituting (24) into equation {49) and using normalization
conditions (28) in the approximation (39), one obtains
1 8ThB

{50}

S G U o
By using the equation, relating the Einstein coefficients for the induced and spontaneous radiation. we determine
/7% = 4 A, where A is the coefficient of spontaneous radiation per unit of a solid angle.

[t should be noted in conclusion, that, as derivation of equation (46) requires the fulfilment of conditions
(21, 39), at sufficiently high vibrational temperature T, > T.condition (21}is violated and equation (46) becomes
inapplicable. It can be readily seen. that in this case an equation similar to (46) can still be obtained. which,
though, will be nonlinear. since the function B (T,.T) (19) is not proportional to £(r) (44), as was the case with
(45). Besides, additional nonlinearity appears. because of the absorption coefficient x (N. 7. T) (20) depending

also on T,. Such generalization of equation {46) being trivial, it will not be presented here.
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RAYONNEMENT DANS LES GAZ DIATOMIQUES EN
NON-EQUILIBRE DE VIBRATION- 1

Résumeé - Dans la premiére partie on obtient les équations macroscopiques pour le champ radiatif et ’état

interne d'un gaz diatomique en déséquilibre de vibration, a 'aide d'un systéme d’équations cinétiques pour

I'intensité spectrale et la fonction de distribution des molécules. En outre, pour la distribution d’énergie de

vibration, I'équation fondamentale intégro-difféerentielle est obtenue, laquelle forme un systéme complet avec
les équations de bilan de quantité de mouvement, de masse et d’énergie.

VIBRATIONS-UNGLEICHGEWICHTS-STRAHLUNG VON
ZWEIATOMIGEN GASEN, TEIL I

Zusammenfassung —Mit Hilfe der kinetischen Gleichung fir spektrale Strahlungsintensitiit und det

Verteilungsfunktion fir Einpartikel im Molekiil, wurde im t. Teil die makroskopische Gleichung fiir

das Strahlungsfeld und den inneren Zustand schwingender nicht gleichgewichtiger zweiatomiger Gase

hergeleitet. AuBerdem wird die [Osung der Grund-Integral-Differentialgleichung fiir die Schwingungs-

cnergieverteilung hergeleitet, welche zusammen mit den Impuls-, Massen- und Energieerhaltungssitzen
ein geschlossenes System bildet.

KOJIEBATEJIbHO-HEPABHOBECHOE M3NYYEHUWE JBYXATOMHBIX I'A30B.
YACTb 1.

AHHOTammst — B nepBoil 4acTH C MOMOLIBIO CHUCTEMbl KHHETHYECKHMX YPAaBHEHMH [Ulsl CIIEKTPa/bHOR
MHTEHCUBHOCTH M3J1y4€HMs ¥ ONHOMACTHYHON GYHKUMH pacnpele/ieHds MOJIEKyt NOJyYeHb! MaKpo-
CKOIMYECKUE YPABHEHMS!, OMUCHLIBAIOIIMAE NIOJIE H3Y4YEHHs1 U BHYTPEHHEE COCTOAHME KOJIeGaTe/IbHO-
HepaBHOBECHOTO JBYXaTOMHOrO ra3a. KpoMe TOro JaH BbiBOJ OCHOBHOTO HHTErpo-audieperumnas-
HOro YPaBHEHHMAl A/ pachpeieseHus kosieGaTeNLHON IHEPIUH, KOTOPOE B COBOKYMHOCTH € ypaB-
HEHHSIMM COXPAHEHUs MACCHl HMTTYJIbCA ¥ FHEPTUU OOPa3yIOT 3aMKHYTYIO CUCTEMY.



